Microstructural effects in non linear stratified composites  by Tran, Thu-Huong et al.
International Journal of Solids and Structures 51 (2014) 3184–3195Contents lists available at ScienceDirect
International Journal of Solids and Structures
journal homepage: www.elsevier .com/locate / i jsolst rMicrostructural effects in non linear stratiﬁed compositeshttp://dx.doi.org/10.1016/j.ijsolstr.2014.05.016
0020-7683/ 2014 Elsevier Ltd. All rights reserved.
⇑ Corresponding author. Tel.: +33 0160957793; fax: +33 0160957795.
E-mail addresses: thu-huong.tran@univ-paris-est.fr (T.-H. Tran), vincent.
monchiet@univ-paris-est.fr (V. Monchiet), guy.bonnet@univ-paris-est.fr (G. Bonnet).Thu-Huong Tran, Vincent Monchiet ⇑, Guy Bonnet
Université Paris-Est, Laboratoire Modélisation et Simulation Multi Echelle, LMSME UMR8208 CNRS, 5 boulevard Descartes, 77454 Marne la Vallée Cedex, Francea r t i c l e i n f o
Article history:
Received 6 December 2013
Received in revised form 31 March 2014
Available online 2 June 2014
Keywords:
Homogenization
Non linear material
Strain gradient
Composite material
Asymptotic seriesa b s t r a c t
In this paper, we analyze the microstructural effects on non linear elastic and periodic composites within
the framework of asymptotic homogenization. We assume that the constitutive laws of the individual
constituents derive from strain potentials. The microstructural effects are incorporated by considering
the higher order terms, which come from the asymptotic series expansion. The complete solution at
any order requires the resolution of a chain of cell problems in which the source terms depend on the
solution at the lower order. The inﬂuence of these terms on the macroscopic response of the non linear
composite is evaluated in the particular case of a stratiﬁed microstructure. The analytic solutions of the
cell problems at the ﬁrst and second order are provided for arbitrary local strain–stress laws which derive
from potentials. As classically, the non-linear dependence on the applied macroscopic strain is retrieved
for the solution at the ﬁrst order. It is proved that the second order term in the expansion series also
exhibits a non linear dependence with the macroscopic strain but linearly depends on the gradient of
macroscopic strain. As a consequence, the macroscopic potential obtained by homogenization is a qua-
dratic function of the macroscopic strain gradient when the expansion series is truncated at the second
order. This model generalizes the well known ﬁrst strain gradient elasticity theory to the case of non lin-
ear elastic material. The inﬂuence of the non local correctors on the macroscopic potential is investigated
in the case of power law elasticity under macroscopic plane strain or antiplane conditions.
 2014 Elsevier Ltd. All rights reserved.1. Introduction
The analysis of the microstructural effects on the macroscopic
response of non linear solid materials is of paramount importance
for many practical problems in mechanics such as for example the
localization in shear band, the fracture or the microindentation.
Conventional theories of elasticity and plasticity are not adapted
to treat adequately the problems which are dominated by the
microstructural effects. This has motivated various strain gradient
theories. There is an abundant literature on this subject among
which Toupin (1962), Mindlin (1964), Green and Rivlin (1964),
Kröner (1967), Eringen and Edelen (1972) for the case of elasticity
and Aifantis (1984), Fleck and Hutchinson (1993, 1997), Nix and
Gao (1998), Gao et al. (1999a,b) and Gurtin and Anand (2005) for
plasticity. For instance Fleck and Hutchinson (1997) have proposed
an extension of the ﬁrst strain gradient elasticity theory of Toupin
(1962) and Mindlin (1964) to the case of plasticity in which
the plastic dissipation is written with a new deﬁnition for theequivalent strain rate that depends on ﬁrst strain rate gradient
tensor and also on an internal lengthscale.
These strain gradient plasticity theories have been applied to
many problems where strain gradient effects are expected to be
important, including for example, the analysis of crack tip ﬁelds
in Xia and Hutchinson (1996) and Huang et al. (1997). Another
example is the localization in thin bands that standard plasticity
theories cannot reproduce adequately with the mesh reﬁnement
when these models are implemented numerically. Indeed, it is well
admitted that the loss of homogeneity in the macroscopic response
of the structure is due to the presence of a microstructure in the
material. When the localization in shear bands occurs, the micro-
structure is involved in the deformation of the solid. Consequently,
standard continuum models are not adapted to describe such kind
of phenomena. By using plasticity strain gradient theories, the
problem of localization has been addressed in Aifantis (1984),
Zbib and Aifantis (1988) and Chambon et al. (2001), including
the mesh dependency investigation, the band width and the distri-
butions of ﬁeld variables within and outside the band.
However, all the above cited strain gradient plasticity models
are not constructed in a rigorous homogenization approach able
to provide a mathematical meaning of the strain gradient depen-
dence at the macroscopic scale. The formulation of strain gradient
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subject of intense research. For instance, Diener et al. (1981, 1982)
and later Drugan and Willis (1996), and Drugan (2000, 2003) have
extended the Hashin–Shtrikman variational approach (Hashin and
Shtrikman, 1962, 1963; Willis, 1977) in order to derive a non local
macroscopic constitutive law of linear elastic heterogeneous mate-
rials. This approach corrects the standard homogenization proce-
dure by accounting for the dependence of ensemble average
stress on ensemble average strain by addition of terms which
depend on the strain gradients in the ensemble average strain.
However, such a method is restricted to the case of linear constit-
uents. Other methods are based on the resolution of unit cells of
random media with prescribed strain gradient at the boundary
(Gologanu et al., 1997; Forest, 1998; Bouyge et al., 2001, 2002;
Kouznetsova et al., 2002, 2004; Yuan et al., 2008). They use a gen-
eralization of the Hill–Mandel lemma for deriving the higher-order
constitutive relations and they can deal with non-linear materials
(the reader could refer to Forest (2006) for a review on these mul-
tiscale methods). In particular, Gologanu et al. (1997) have
extended the Gurson model (1977) by accounting for strain gradi-
ent at the boundary of the hollow sphere and provide an analytic
expression for the macroscopic yield criterion which depends on
macroscopic stress and hyperstress. As already mentioned in
Fleck and Hutchinson (1997), the results are however somewhat
surprising: the dominant strain gradient effect is not inﬂuenced
by the void volume fraction or void spacing and this effect persists
even when the void volume fraction tends to zero. This last result is
however surprising, because the strain gradient effect is only due
to the presence of the microstructure. Therefore, when the volume
fraction tends to zero, the solid is homogeneous at the microscopic
scale and the microstructural effects cannot be observed at the
macroscopic scale. Note that a similar conclusion has been formu-
lated by Yuan et al. (2008) about the use of this kind of generalized
boundary conditions. This suggests that the resulting macroscopic
model overevaluates the macroscopic internal energy of gradient
elastic media and gives rise to some unphysical results such as
the persistence of strain gradient effect when the unit cell is
homogeneous.
The asymptotic homogenization is a powerful tool which
has shown to be efﬁcient to incorporate the microstructural
effects on the effective behavior of periodic elastic composites
(Gambin and Kroner, 1989; Boutin, 1996; Smyshlyaev and
Cherednichenko, 2000; Peerlings and Fleck, 2004; Tran et al.,
2012). The general solution of a linear elastic composite subjected
to an external macroscopic loading is expanded in series with
respect to a small parameter, the scale factor , which is deﬁned
as the ratio between the microstructure lengthscale and a macro-
scopic lengthscale. This last one is characteristic of the macro-
scopic structure dimensions or of the applied loading. When the
scale factor is small but not completely negligible or when strong
values of macroscopic strain gradient occur, it is reasonable to
incorporate higher order terms which come from asymptotic ser-
ies. For instance, in Tran et al. (2012), these higher order terms
are kept in the homogenization procedure to evaluate the correc-
tion in the macroscopic elastic energy density. More particularly,
it has been found that the resulting model coincides with the phe-
nomenological strain gradient theory of Green and Rivlin (1964)
(which accounts for the derivatives of macroscopic strain at any
order) and also contains the second gradient theory of Toupin
(1962) and Mindlin (1964) when it is truncated. Moreover, the
microstructural effects do not persist when the cell is homoge-
neous. The reason for this feature is that the source terms in the
higher order cell problems vanish when the cell is homogeneous.
In the same way, the higher order terms of the expansions series,
which introduce the non local correctors, also vanish in the macro-
scopic energy density. Mention must be made of the studies ofSeppecher and Pideri (1997a,b) and Soubestre and Boutin (2011)
who show, still in the framework of asymptotic homogenization,
important effects of the strain gradient on the effective properties
of elastic composites reinforced by highly rigid slender inclusions.
When the elastic coefﬁcients of the inclusions have an appropriate
order of magnitude with respect to the scale factor, the effective
material exhibits a strain gradient dependence.
However, these results are restricted to the case of linear elastic
constituents while the microstructure effect are expected to be
prominent for non linear materials. Note that the case of compos-
ites made up of materials displaying a rate dependent behavior at
ﬁnite strain has been addressed by Triantafyllidis and Bardenhagen
(1996) to investigate the relation between macro and micro insta-
bilities. In the present paper, we extend the recent work of Tran
et al. (2012) by constructing the strain gradient dependent effec-
tive potential of non linear composites materials. Due to the high
complexity of the problem, the non linear effects are investigated
in the case of a stratiﬁed composite with non linear elastic constit-
uents. The paper is organized as follows. In Section 2, we apply the
asymptotic homogenization procedure for non linear solid and for
an arbitrary microstructure. In Section 3, we focus our study on
stratiﬁed composites for which analytic solutions can be derived.
The last part of the paper is devoted to some applications in the
case of power law elasticity under antiplane or plane strain
conditions.
2. Application of the asymptotic series method to non linear
composites
2.1. Description of the problem
We consider a periodic, non linear composite whose constitu-
ents have the following constitutive equation:
rðXÞ ¼ @w
@e
ðX; eðXÞÞ ð1Þ
where X denotes the vector position and w is deﬁned by:
wðX; eðXÞÞ ¼
X
r
vrðXÞwrðeðXÞÞ ð2Þ
in which vrðXÞ are the characteristic function of phase ‘‘r’’ and wrðXÞ
for r ¼ 1;2; . . . are non linear functions of the strain. Functions
wrðeðXÞÞ are assumed to be strictly convex and C1 with respect to
the variable eðXÞ. The strain and stress tensors comply with compat-
ibility and equilibrium equations:
divXðrðXÞÞ ¼ 0; eðXÞ ¼ symðrXuðXÞÞ ð3Þ
where uðXÞ is the displacement. In the above relations, index ‘‘X’’ in
divX and rX means that the derivatives are made with respect to
the vector position X. This distinction is needed since two space
variables, namely a slow and a rapid position vector, will be intro-
duced thereafter when using the asymptotic expansion. For simplic-
ity, the body force has been neglected in the balance equation.
Additionally, the displacement and traction are continuous across
the interfaces of the individual constituents:
uðXÞ½ C ¼ 0; rðXÞ  n½ C ¼ 0 ð4Þ
The notation ½ C represents the jump of  across the interface C
deﬁned as follows: ½ C ¼ þ  , where þ and  are the values
of  calculated on both sides of C.
2.2. Cell problems issued from the asymptotic expansion
In the following, we use the asymptotic expansion method ini-
tiated by Sanchez-Palencia (1974, 1980) and Bensoussan et al.
(1978) in order to derive a set of cell problems at the microscopic
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variables x ¼ X=L and y ¼ X=h where h and L are respectively a
characteristic lengthscale of the microstructure (the size of the unit
cell, of the inclusions, the distance between two neighboring inclu-
sions. . .) and of the (macro) structure. Variable x is ‘‘slow’’ while y
is said rapid. All the ﬁelds, i.e. displacement, strain and stress, are
assumed to depend on these two variables. The dependence in x is
attributed to the variations induced by the macroscopic loading
while the one in y is due to the local heterogeneity. Due to the peri-
odicity of the microstructure, the characteristic functions vrðyÞ
only depend on the rapid variable y. The local strain–stress relation
(1) reads:
rðx; yÞ ¼ @w
@e
ðy; eðx; yÞÞ with : wðy; eðx; yÞÞ ¼
X
r
vrðyÞwrðeðx; yÞÞ
ð5Þ
The scale factor,  ¼ h=L, is assumed to be small compared to 1 but
not negligible. In presence of this small parameter, the solution can
be expanded as a power series in :
uðx; yÞ ¼ L
Xþ1
i¼0
iuðiÞðx; yÞ ð6Þ
where the displacements uðiÞðx; yÞ are y-periodic and non dimen-
sional due to the presence of the lengthscale L before the sum. In
the compatibility equation, the gradient operator is decomposed
into two parts:r ¼ 1L rx  þ 1ry
 
, where the indices x and y indi-
cate that the derivatives are taken with respect to x and y respec-
tively. The strain tensor takes the form:
eðx; yÞ ¼ 1eð1Þðx; yÞ þ
Xn¼þ1
n¼0
neðnÞðx; yÞ ð7Þ
where eð1Þðx; yÞ and eðnÞðx; yÞ for nP 0 read:
eð1Þðx; yÞ ¼ eyðuð0Þðx; yÞÞ
eðnÞðx; yÞ ¼ exðuðnÞðx; yÞÞ þ eyðuðnþ1Þðx; yÞÞ for : nP 0
ð8Þ
The strain must remain ﬁnite when the scale factor tends to zero.
Consequently, one has eð1Þðx; yÞ ¼ 0 and then the displacement
uð0Þðx; yÞ is only a function of the slow space variable, x. It is there-
after denoted UðxÞ and is in fact the macroscopic displacement.1 It
follows that the strain eð0Þðx; yÞ reads:
eð0Þðx; yÞ ¼ EðxÞ þ eyðuð1Þðx; yÞÞwith :EðxÞ ¼ exðUðxÞÞ ð9Þ
in which EðxÞ is the macroscopic strain and where ex, and ey, are the
strain tensors calculated with respect to x and y. The microscopic
stress is:
rðx; yÞ ¼
Xn¼þ1
n¼0
nrðnÞðx; yÞ ð10Þ
with:
rð0Þðx; yÞ ¼ @w
@e
eð0Þðx; yÞ
 
rð1Þðx; yÞ ¼ @
2w
@e@e
eð0Þðx; yÞ
 
: eð1Þðx; yÞ
rð2Þðx; yÞ ¼ @
2w
@e@e
eð0Þðx; yÞ
 
: eð2Þðx; yÞ
þ 1
2
@3w
@e@e@e
eð0Þðx; yÞ
 
:: eð1Þðx; yÞ  eð1Þðx; yÞ
 
. . .
ð11Þ1 UðxÞ is the average of the microscopic displacement and physically represents the
displacement of the centroid of the unit cell.In the equilibrium equation (the ﬁrst equation in (3)), the diver-
gence operator is also decomposed into two parts ‘‘divx’’ and
‘‘divy’’. This leads to:
1

divy rð0Þðx;yÞ
 
þ
Xn¼þ1
n¼0
n divy rðnþ1Þðx;yÞ
 
þdivx rðnÞðx;yÞ
 h i
¼0
ð12Þ
By collecting all the terms having the same power in  we obtain:
divy rð0Þðx; yÞ
 
¼ 0
divx rðnÞðx; yÞ
 
þ divy rðnþ1Þðx; yÞ
 
¼ 0 for : nP 0
ð13Þ
By taking the average of each term in (13) over the volume of the
cell (denoted V) we obtain:Z
@V
rð0Þðx; yÞ:ndS ¼ 0
divx rðnÞðx; yÞ
D E
V
 
þ
Z
@V
rðnþ1Þðx; yÞ  ndS ¼ 0 for : nP 0
ð14Þ
in which the divergence theorem has been used in order to replace
the volume integrals into integrals over the boundary @V of the cell.
In the relation above, hiV denotes the average of  over the volume
of the cell (here the integration is performed with respect to vari-
able y). Each surface integral over @V is null due to the equilibrium
between two neighboring cells. It remains:
divx hrðnÞðx; yÞiV
 
¼ 0 for : nP 0 ð15Þ
It is possible to eliminate the mean part hrðnÞðx; yÞiV in the second
relation in (13):
divx r
ðnÞðx; yÞ
 
þ divy rðnþ1Þðx; yÞ
 
¼ 0 for : nP 0 ð16Þ
in which we have introduced divx, deﬁned, for any function f ðx; yÞ,
by:
divx f ðx; yÞ
h i
¼ divx f ðx; yÞ  hf ðx; yÞiV
h i
ð17Þ
Finally, by using (8) and (11) for modifying (16), we obtain a
hierarchy of equations for the unknowns ﬁelds
uð1Þðx; yÞ; uð2Þðx; yÞ; uð3Þðx; yÞ, etc. The problem at the ﬁrst order
reads:
divy rð0Þðx; yÞ
h i
¼ 0; rð0Þðx; yÞ ¼ @w
@e EðxÞ þ ey uð1Þðx; yÞ
  
uð1Þðx; yÞ
h i
C
¼ 0; rð0Þðx; yÞ  n
h i
C
¼ 0;
u1ðx; yÞ y periodic; rð0Þðx; yÞ  n y antiperiodic
8>><
>>:
ð18Þ
In the above equations we search the displacement uð1Þðx; yÞ for a
given value of the applied macroscopic strain EðxÞ. The problem at
the second order is:
divy rð1Þðx; yÞ
h i
¼ divx rð0Þðx; yÞ
h i
;
rð1Þðx; yÞ ¼ @2w
@e@e e
ð0Þðx; yÞ
 
: ey uð2Þðx; yÞ
 
þ ex uð1Þðx; yÞ
 h i
uð2Þðx; yÞ
h i
C
¼ 0; rð1Þðx; yÞ  n
h i
C
¼ 0;
u2ðx; yÞ y periodic; rð1Þðx; yÞ  n y antiperiodic
8>>>><
>>>>:
ð19Þ
In this problem, uð1Þðx; yÞ is known since it has been computed at the
ﬁrst order. Also, eð0Þðx; yÞ is known because it depends on the dis-
placement uð1Þðx; yÞ (see Eq. (9)). In the system of Eq. (19), the
unknown variable is uð2Þðx; yÞ.
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divy rð2Þðx; yÞ
h i
¼ divx rð1Þðx; yÞ
h i
;
rð2Þðx; yÞ ¼ @2w
@e@e ðeð0Þðx; yÞÞ : ey uð3Þðx; yÞ
 
þ ex uð2Þðx; yÞ
 h i
þ 12 @
3w
@e@e@e e
ð1Þðx; yÞ
 
: eð1Þðx; yÞ  eð1Þðx; yÞ
 
uð3Þðx; yÞ
h i
C
¼ 0; rð2Þðx; yÞ  n
h i
C
¼ 0;
uð3Þðx; yÞ y periodic; rð2Þðx; yÞ  n y antiperiodic
8>>>>>><
>>>>>>:
ð20Þ
In these equations, the ﬁelds uð1Þðx; yÞ; uð2Þðx; yÞ; eð0Þðx; yÞ and
eð1Þðx; yÞ are known, being computed at lower orders. The unknown
is the displacement uð3Þðx; yÞ.
To summarize, all terms of the series (6) are computed itera-
tively. The ﬁrst cell problem (18) is non linear for the displacement
uð1Þðx; yÞ and depends on the macroscopic variable x through EðxÞ.
Interestingly, it is observed that higher order cell problems are lin-
ear for uð2Þðx; yÞ; uð3Þðx; yÞ, etc. and can be interpreted as linear elas-
ticity problems with source terms which depend on the solution at
lower orders and involve the tangent modulus computed with the
strain obtained at the ﬁrst order. Since the local potentials w are
assumed to be strictly convex, the tangent modulus is strictly posi-
tive deﬁnite. This ensures the uniqueness of the higher order cell
problems. In the next section we propose to derive some analytic
expressions for the displacements uð1Þðx; yÞ and uð2Þðx; yÞ in the par-
ticular case of a stratiﬁed composite.3. Solutions for a stratiﬁed composite
In this section, we propose to derive the general solution of the
ﬁrst and second order cell problems for the stratiﬁed composite.
This solution is provided for arbitrary microscopic strain poten-
tials. The macroscopic potential which includes the strain gradient
effect at the second order is also provided and compared with the
phenomenological model of Fleck and Hutchinson (1997).
3.1. The unit cell
Let us consider the case of a three dimensional layered material,
whose layers have the respective thicknesses fa and fb (see Fig. 1).
The dimensions of the cells are equal to 1; consequently fa and fb
represent the volume fractions of the phases. The layers being peri-
odically distributed along the axis Ox1, the displacement locally
oscillates with the non dimensional coordinate y1 which varies
from fb to fa in a period (y1 is denoted y thereafter for the sake
of simplicity). The composite is subjected to a multiaxial macro-Fig. 1. The unit cell of the periodic stratiﬁed composite.scopic strain, involving the components Eij for i; j ¼ 1;2;3. Also,
the dependence of the macroscopic variables with the coordinates
x1; x2; x3 is omitted for clarity.
3.2. Solution of the ﬁrst order cell problem
Owing to the one-dimensional geometry of the unit cell (peri-
odic arrangement of thin layers in the direction Oy1) the local ﬁelds
only ﬂuctuate with the coordinate y  y1. As a consequence, all the
derivatives with respect to y2 and y3 in the system of Eq. (18) van-
ish. The problem becomes:
dr0
1i
dy ðyÞ ¼ 0;
rð0Þij ðyÞ ¼ @w@eij ðeð0ÞðyÞÞ;
eð0Þij ðyÞ ¼ Eij þ 12
duð1Þ
i
dy ðyÞdj1 þ
duð1Þ
j
dy ðyÞdi1
 
;
uð1Þi ðy ¼ 0Þ
h i
¼ 0; rð0Þi1 ðy ¼ 0Þ
h i
¼ 0;
u1i ðy ¼ faÞ ¼ uð1Þi ðy ¼ fbÞ; rð0Þi1 ðy ¼ faÞ ¼ rð0Þ1i ðy ¼ fbÞ
8>>>>>>>>><
>>>>>>>>:
ð21Þ
The equilibrium equation combined with the continuity of rð0Þi1 ðyÞ at
the interface in y ¼ 0 implies that the components rð0Þi1 ðyÞ for
i ¼ 1;2;3 are constant within the cell. As a consequence, the compo-
nents of the microscopic strain tensor eð0ÞðyÞ are piecewise constant
functions. The components of uð1ÞðyÞ are then piecewise linear func-
tions, which are continuous at y ¼ 0 and periodic. Such functions
have the following form:
uð1Þi ðyÞ ¼ aiðEÞFðyÞ ð22Þ
where aiðEÞ for i ¼ 1;2;3 are three functions of the macroscopic
strain E and FðyÞ is given by:
FðyÞ ¼
FaðyÞ ¼ 12 yfa for y 2 ðaÞ
FbðyÞ ¼ 12þ yfb for y 2 ðbÞ
(
ð23Þ
The microscopic strain eð0ÞðyÞ reads:
eð0Þija ¼ Eij  12f a aiðEÞdj1 þ ajðEÞdi1
 	
;
eð0Þijb ¼ Eij þ 12f b aiðEÞdj1 þ ajðEÞdi1
 	
8<
: ð24Þ
where eð0Þija ðyÞ and eð0Þijb ðyÞ are the values of local strains in phase (a)
and (b) respectively. The stress components read in both layers:
rð0Þija ¼ @wa@eij e
ð0Þ
a
 
;
rð0Þijb ¼ @wb@eij e
ð0Þ
b
 
8><
>: ð25Þ
where wa and wb are the expressions of w taken in layer (a) and (b)
respectively. The continuity of rð0Þi1 ðyÞ at y ¼ 0 provides three non
linear algebraic equations deﬁning the function aiðEÞ for i ¼ 1;2;3:
@wa
@ei1
eð0Þa
  ¼ @wb
@ei1
eð0Þb
 
ð26Þ
Obviously, the derivation aiðEÞ for i ¼ 1;2;3 could be effected by
giving the expression of the potential wðeÞ.
3.3. Solution at the second order
We derive now the solution of the second order cell problem
(19) which introduces the microstructural effects and the depen-
dence on the macroscopic strain gradient. Again, in (19), all the
derivatives with respect to y2 and y3 vanish. Moreover, the stress
rð0ÞðyÞ and the displacement uð1ÞðyÞ, given by (25) and (22), are
introduced as source terms. The second order problem reads:
2 The elastic energy density of the second gradient for an incompressible material
divided by l (the shear modulus) and multiplied by 2=3 in order to recover the
uare of the von Mises equivalent strain for E when the strain gradient effects
anish.
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1i
dy ðyÞ þ giF 0ðyÞ ¼ 0;
rð1Þij ðyÞ ¼ Cijk1ðyÞ
duð2Þ
k
dy ðyÞ þ CijklðyÞeklFðyÞ
uð2Þi ðy ¼ 0Þ
h i
¼ 0; rð1Þ1i ðy ¼ 0Þ
h i
¼ 0
uð2Þi ðy ¼ faÞ ¼ uð2Þi ðy ¼ fbÞ; rð1Þi1 ðy ¼ faÞ ¼ rð1Þ1i ðy ¼ fbÞ
8>>>><
>>>>:
ð27Þ
where gi and eij are constant while the tangent modulus CijklðyÞ is a
piecewise constant function. Their expressions are:
CijklðyÞ ¼ @
2w
@eij@ekl
ðeð0ÞðyÞÞ
gi ¼ fafb Cbijpq  Caijpq
h i
Epq;j þ fafb fbCaijk1 þ faCbijk1
h i
Dkl C
a
1lpq  Cb1lpq
h i
Epq;j
ð28Þ
eij ¼ fafb2 Dikdjr þ Djkdir
 	
Ca1kpq  Cb1kpq
h i
Epq;r
In the relation above, Eij;k are the components of the macroscopic
gradient of strain rxE while Caijkl and Cbijkl are the values taken by
CijklðyÞ in layer (a) and (b) respectively. The components Dij are
deﬁned as:
ðD1Þij ¼ fbCai1j1 þ faCbi1j1 ð29Þ
The details about the derivations of gi and eij can be found in Appen-
dix A.
The solution of (27) is searched with the form:
duð2Þi
dy
ðyÞ ¼ qiðyÞFðyÞ ð30Þ
where qiðyÞ is constant in each layer. Introducing this expression
into (27) leads to:
qiðyÞ ¼ QijðyÞ gj þ Cj1klðyÞekl
 	 ð31Þ
where QijðyÞ is deﬁned by:
Q1ðyÞ
h i
ij
¼ Ci1j1ðyÞ ð32Þ
The components of the strain tensor eð1ÞðyÞ are:
eð1Þij ðyÞ ¼ eij þ
qiðyÞdj1 þ qjðyÞdi1
2
 
FðyÞ ð33Þ
The microscopic displacement uð2ÞðyÞ can be obtained by the inte-
gration of (30) with the periodic conditions at the boundary of
the cell and the continuity at the interface in y ¼ 0. The analytic
expression of uð2ÞðyÞ is not provided here since the computation of
the macroscopic elastic energy involves only the microscopic
strains.
3.4. The macroscopic potential
The macroscopic potential, denoted by WðxÞ, is obtained from
the standard average rule:
W ¼ hwðeðyÞÞiV ð34Þ
This macroscopic potential is evaluated by keeping in eðx; yÞ the ﬁrst
two terms of the series:
eðyÞ ¼ eð0ÞðyÞ þ eð1ÞðyÞ þ oðÞ ð35Þ
Let us recall that eð0ÞðyÞ and eð1ÞðyÞ are non linear functions of the
macroscopic strain and e1ðyÞ also depends on the gradient of mac-
roscopic strain. Higher order terms which introduce a dependence
on higher order derivatives of macroscopic strain (double gradient
of macroscopic strain, triple gradient of macroscopic strain etc.)
are not considered here. It follows that the macroscopic potential(34) with (35) only depends on the macroscopic strain and its gra-
dient. The resulting macroscopic model then provides a non linear
version of the second gradient model of Mindlin (1964) for the
stratiﬁed composite.
Due to the presence of the small parameter , the macroscopic
potential is also expanded along a power series in :
W ¼ W0 þ W1 þ 2W2 þ oð2Þ ð36Þ
with:
W0 ¼ w eð0ÞðyÞ
 
 
V
W1 ¼ w;e eð0ÞðyÞ
 
: eð1ÞðyÞ
 
V
W2 ¼ 12 e
ð1ÞðyÞ : w;ee eð0ÞðyÞ
 
: eð1ÞðyÞ
 
V
ð37Þ
It can be noticed that the expansion of the macroscopic potential at
the ﬁrst order in  is licit since only the ﬁrst two terms in the expan-
sion of the microscopic strain have been kept (see Eq. (35)). The
strain eð2ÞðyÞ could be also considered for the computation of W2.
However the termW1 is null due to the geometry of the elementary
cell and a truncation at the ﬁrst order for the stratiﬁed composite is
then not able to capture the microstructural effects. These effects
are accounted by the second order term in the expansion of W,
but in which eð2ÞðyÞ is not considered since only the effect of the ﬁrst
gradient of macroscopic strain is taken into account.
Owing to expression (33), we obtain for W0; W1 and W2:
W0 ¼ fawa eð0Þa
 þ fbwb eð0Þb 
W1 ¼ 0
W2 ¼ 124 faL
a
ijpq þ fbLbijpq
h i
eijepq þ 124 faQ
a
ij þ fbQbij
h i
gigj
ð38Þ
with:
Lbijkl ¼ Cbijpq  Cbijk1QbklCb1lpq; b ¼ a; b ð39Þ
In (38), W0 has a non linear dependence on eð0ÞðyÞ and then on the
macroscopic strain E. The termW2 has also a non linear dependence
on E (through Caijkl and C
b
ijkl) and is quadratic with respect to the
macroscopic gradient of strain rxE (see the deﬁnitions of gi and
eij in (28) which show that these terms linearly depend on rxE).
These solutions generalize those obtained by Boutin (1996) which
can be retrieved by putting:
Caijkl ¼ kadijdkl þ 2laIijkl; Cbijkl ¼ kbdijdkl þ 2lbIijkl ð40Þ
Still in the case of linear elasticity, U0 is quadratic with the macro-
scopic strain while W2 is independent of E and is quadratic with
respect to the gradient of strain. One recovers the ﬁrst strain gradi-
ent model of Mindlin (1964). The components of strain gradient
elasticity can be found in Tran et al. (2012).
Various extensions of the second gradient theory have been
provided in the literature among which the Fleck and Hutchinson
model (Fleck and Hutchinson, 1993, 1997). The authors postulated
the following expression for the macroscopic power law type elas-
tic energy density:
W ¼ R0E0
1þm
E
E0
 ð1þmÞ=2
ð41Þ
where R0 and E0 are material constants, m is the power law expo-
nent deﬁned such that mP 0 and E is the normalized2 elastic
energy density of the ﬁrst strain gradient theory of Mindlin (1964)
for an incompressible material. Particularly, power law elasticity isis
sq
v
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ðE  EÞ;E being the deviatoric part of the macroscopic strain. The
Fleck and Hutchinson strain gradient model is not quadratic with
the gradient of strain (except for the linear case corresponding to
m ¼ 1) that constitutes the main difference with the macroscopic
potential derived from asymptotic homogenization.
4. Analysis for power law elasticity
4.1. Power law elasticity
The potential wðeÞ is chosen in the form:
wðeÞ ¼
ka
2 trðeÞ2 þ 3lamþ1 ðeeqÞmþ1 in ðaÞ
kb
2 trðeÞ2 þ 3lbmþ1 ðeeqÞmþ1 in ðbÞ
(
ð42Þ
where ka and la (resp. kb and lb) are the compressibility and the
shear moduli of layer (a) (resp. layer (b)) and eeq is the equivalent
strain (within von Mises meaning):
eeq ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2
3
e : e
r
; e ¼ e 1
3
trðeÞI ð43Þ
where I is the identity for second order tensors. The case of linear
elasticity is retrieved for m ¼ 1 while the case of a rigid plastic
material corresponds to m ¼ 0 and simultaneously ka and kb tend
to inﬁnity. The stress–strain relation is:
r ¼ kbtrðeÞI þ 2lbðeeqÞm1e ð44Þ
with b ¼ a in layer (a) and b ¼ b in layer (b). The tangent modulus
(needed for the second order homogenization problem) is given by:
Cb ¼ @w
@e@e
ðeÞ ¼ 3kbJþ 2lbðeeqÞm1Kþ ðm 1Þ
4lb
3
ðeeqÞm3e e
ð45Þ
The fourth order tensors J and K are given by:
J ¼ 1
3
I  I; K ¼ I J; Iijkl ¼ 12 dikdjl þ dildjk
 	 ð46Þ
The case of power law incompressible materials is retrieved when
ka ¼ kb ! þ1. When the hypothesis of incompressibility is consid-
ered, the power law corresponds to rigid viscoplastic materials in
the range of power law exponent 0 < m < 1 and corresponds toFig. 2. Variations of lhom=lb with the volume fraction fa for various values of the
power law exponent. From the top: m ¼ 0:9; m ¼ 0:8; m ¼ 0:7; m ¼ 0:6; m ¼ 0:5.the case of rigid plastic materials for m ¼ 0 while the strain is
replaced by the strain rate tensor. In such a case, the macroscopic
elastic energy must be interpreted as the effective dissipation.
4.2. The antiplane solution
The derivation of explicit solutions in the non linear case
requires the resolution of the non linear Eq. (26) giving the func-
tion aiðEÞ as a functions of the macroscopic strain E. It is possible
to provide the analytic solutions under antiplane conditions, corre-
sponding to a macroscopic displacement U1ðx2; x3Þ and
U2 ¼ U3 ¼ 0. The resulting non null components of the macro-
scopic strain are E12 and E13 while the components of macroscopic
strain gradient are E12;2; E13;3 and E12;3 ¼ E13;2. The details about the
derivation of functions aiðEÞ and macroscopic potentials can be
found in Appendix B. Additionally we assume that both constitu-
ents are incompressible. Note however that the case of compress-
ible materials can also be investigated by using the present
approach and the results remain quite similar. The macroscopic
potentials have the following expressions:
W0 ¼ 3l
hom
1þmE
mþ1
eq
W2 ¼ ghomEm1eq E1a;bE1a;b þ
1
3
ðE1a;aÞ2
  ð47Þ
in which lhom and ghom are given by:
lhom ¼ lalb
falnb þ fblna
 m
ghom ¼ 2
3
f 2a f
2
b lalb
ðlna  lnbÞ2
fblna þ falnb
 mþ1 falnb þ
fb
lna
  ð48Þ
where n ¼ 1=m and Eeq is the macroscopic equivalent strain under
antiplane sollicitation:
Eeq ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
4
3
E212 þ E213
 r
ð49Þ
A ﬁrst result is that the macroscopic potentialW0 is a function of the
equivalent strain Eeq of degree mþ 1 while W2 is a function of the
equivalent strain Eeq of degree m 1. For a null strain of state, cor-
responding to Eeq ¼ 0, the potential W0 is null and W2 is also null
when mP 1. In the range m < 1; W2 is singular. This singularity
is inherent to the use of the elastic power law at the microscopic
scale. Indeed, higher order homogenization problems use the tan-
gent elastic tensor that is singular when the strain is null. From a
physical point of view, the strain energy of a solid due to an external
loading must remain ﬁnite. It suggests that, when the strain tends
to zero, the gradient of strain must also tend to zero so that the total
strain energy of the solid remains ﬁnite.
Expressions in (47) introduce two coefﬁcients, the effective
shear modulus lhom and the coefﬁcient ghom which depend on the
power law exponent, the volume fraction of the phase and the local
shear moduli. On Figs. 2 and 3, we represent the variations of these
two effective coefﬁcients with the volume fraction fa for a contrast
lb=la ¼ 2 and for various values of the power law exponent in the
range ½0:5;1. When the volume fraction fa is equal to 0 or 1 the
unit cell is made up of a homogeneous material of shear modulus
lb or la respectively. In these two particular cases, we retrieve for
the effective shear modulus lhom the values lb and la. It is
observed on Fig. 3 that the effective modulus ghom which enters
into the expression of W2 is null in both cases corresponding to
fa ¼ 0 and fa ¼ 1. Since the strain gradient effects at the macro-
scopic scale are due to the existence of a microstructure at the
lower scale, it is coherent that these effects vanish in the special
cases for which the unit cell becomes homogeneous. The higher
Fig. 3. Variations of ghom=lb with the volume fraction fa for various values of the
power law exponent. From the top: m ¼ 0:5; m ¼ 0:6; m ¼ 0:7; m ¼ 0:8; m ¼ 0:9.
Fig. 5. Variations of ghom=lb as a function of the power law exponent m for three
values of contrast c ¼ 2; c ¼ 5; c ¼ 10.
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volume fraction.
Another particular case for which the unit cell becomes homo-
geneous corresponds to la ¼ lb. It will be easily veriﬁed that in
this last case the effective modulus ghom is also null. Consequently,
it would be expected to obtain more prominent microstructural
effects by increasing the contrast. This is conﬁrmed on Figs. 4
and 5 in which we represent the effective moduli lhom and ghom
as functions of the power law exponent in the range ½0:1;100
and for different values of the contrast. On Fig. 4 we observe that
the inﬂuence of the power law exponents on lhom is relatively
small. Conversely, the power law exponent has a great inﬂuence
on ghom when m is small and this, particularly for high values of
the contrast. On another hand, it is also observed that for large val-
ues of m the microstructural effects vanish.
Another particular case of great importance is m ¼ 0 corre-
sponding to a rigid ideally plastic material. However, some precau-
tion must be applied when taking the limit m! 0. This is
explained in details in the following.Fig. 4. Variations of lhom=lb as a function of the power law exponent m for three
values of contrast c ¼ 2; c ¼ 5; c ¼ 10.When the limit m ! 0 is taken in the expression of ghom given
by (48), two expressions are obtained, depending on the choice
of the contrast c ¼ lb=la. Indeed, for c – 1 the limit is ghom ¼ þ1
but for c ¼ 1 the limit is ghom ¼ 0. In fact, as shown below, the case
c – 1 and m ¼ 0 is not physically admissible.
By accounting for relations (24) together with (B.3) and (B.4),
the strain at the ﬁrst order reads:
eð0Þ1a ¼
cnE1a
fbþfacn in phase ðaÞ
E1a
fbþfacn in phase ðbÞ
8<
: ð50Þ
where index a takes the values 2 or 3. There are three limits for the
components of the strain when m ! 0 (or equivalently n !1)
depending on the value of c:
 c > 1 : eð0Þ1a ¼
E1a
fa
in phase ðaÞ
0 in phase ðbÞ
(
 c < 1 : eð0Þ1a ¼
0 in phase ðaÞ
E1a
fb
in phase ðbÞ
(
 c ¼ 1 : eð0Þ1a ¼
E1a in phase ðaÞ
E1a in phase ðbÞ

ð51Þ
On another hand, the equilibrium at the interface between the
phases implies that rð0Þ1a is constant in the cell. When the limit
m ¼ þ1 is taken, the stress attains the saturation values 3la and
3lb respectively in phases ðaÞ and ðbÞ as illustrated on Fig. 6. How-
ever the stress strain curve is not bijective when m ¼ þ1. For a
stress r01a equal to 3la in layer a (resp. 3lb in layer b), the strain
admits an inﬁnite number of possible values comprised in the range
½0;þ1. Particularly, it can be null whenever the stress is equal to
3la, that is the case when c > 1 in (51). Similarly, the strain is null
in phase b whenever the stress is equal to 3lb for c < 1 in (51). The
only physical situation corresponding to a rigid plastic material is
c ¼ 1 for which the strain is constant and equal to the macroscopic
strain E1a in both layers. In other words, it is not possible, under
antiplane loading, to have the plastiﬁcation of both layers having
two different yield stresses.
It is then not possible to detect the microstructural effects in the
plastic regime for an antiplane macroscopic loading. Such effects
will be investigated by considering another particular macroscopic
Fig. 6. Stress strain curve in the case m ¼ þ1.
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of plane strain conditions.
4.3. The solution under plane strain conditions
A second particular case for which explicit expressions of
the macroscopic potentials can be derived corresponds to a
macroscopic loading with plane strain conditions. We consider a
macroscopic displacement on the form: U1 ¼ 0; U2 ¼ U2ðx2; x3Þ
and U3 ¼ U3ðx2; x3Þ. The remaining non null components of the
macroscopic strain are Eab where the Greek letters indices take
the values 2 or 3. Also, the hypothesis of incompressible materials
is used (ka ! þ1 and kb ! þ1). This implies for the macroscopic
strain that E22 ¼ E33. The components of the macroscopic gradi-
ent of strain are then Eab;c with E22;c ¼ E33;c due to the incom-
pressibility. Again, the details leading to the analytic expressions
of the macroscopic potentials can be found in Appendix C.
Under plane strain conditions and for incompressible materials,
the macroscopic potential W0 has the following expression:
U0 ¼ 3l
hom
1þmE
mþ1
eq ð52Þ
with:Fig. 7. Variations of A; B; C and D with the macroscopic equivalent strain for
Fig. 8. Variations of A; B; C and D with the macroscopic equivalent strain for flhom ¼ fala þ fblb ð53Þ
and:
Eeq ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
4
3
E222 þ E223
 r
ð54Þ
The macroscopic potential W2 can be put into the form:
W2 ¼ 12
E22;2
E22;3
E33;2
E33;3
2
6664
3
7775
T A 0 C D
0 A D C
C D B 0
D C 0 B
2
6664
3
7775
E22;2
E22;3
E33;2
E33;3
2
6664
3
7775 ð55Þ
In which A B; C and D depend on the macroscopic strain and are
given by:
A ¼ 4R
3
Em3eq m
2E222 þ E223
h i
; B ¼ 4R
3
Em3eq E
2
22 þm2E223
h i
C ¼ 4R
3
Em3eq ðm2  1ÞE22E23; D ¼ REm1eq m
ð56Þ
with:
R ¼ 1
3
f 2a f
2
b ðla  lbÞ2
fa
la
þ fb
lb
 
ð57Þ
All functions A; B; C; D are null when la ¼ lb or fa ¼ 0 or fb ¼ 0:
that corresponds to a homogeneous material at the local scale. W0
is a function of the macroscopic strain of degree mþ 1 while W2
is a function of the macroscopic strain of degree m 1. The macro-
scopic potentialW2 is then singular when Eeq ¼ 0 andm < 1. It must
be noticed that the limit case m! 0 can be applied here without
any ambiguity. Indeed, for the plane strain solution, the longitudi-
nal components of the local stress are null as it can be shown from
the results of Appendix C. The equilibrium at the interface between
the layers is therefore veriﬁed implicitly while, for the antiplane
solution, the equilibrium is veriﬁed only if la ¼ lb.
The variations of A; B; C and D with the macroscopic
equivalent strain are represented from Figs. 7–11 for the following
values of the power law exponent: m ¼ 0 (plastic case),fa ¼ fb ¼ 0:5; lb=la ¼ 10; E22 ¼ E23 and for a power law exponent m ¼ 0.
a ¼ fb ¼ 0:5; lb=la ¼ 10; E22 ¼ E23 and for a power law exponent m ¼ 0:5.
Fig. 9. Variations of A; B; C and D with the macroscopic equivalent strain for fa ¼ fb ¼ 0:5; lb=la ¼ 10; E22 ¼ E23 and for a power law exponent m ¼ 1:5.
Fig. 10. Variations of A; B; C and D with the macroscopic equivalent strain for fa ¼ fb ¼ 0:5; lb=la ¼ 10; E22 ¼ E23 and for a power law exponent m ¼ 2.
Fig. 11. Variations of A; B; C and D with the macroscopic equivalent strain for fa ¼ fb ¼ 0:5; lb=la ¼ 10; E22 ¼ E23 and for a power law exponent m ¼ 3.
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sider the macroscopic loading E22 ¼ E23. The volume fraction of the
phases are fa ¼ fb ¼ 0:5 and we consider, for the contrast,
lb=la ¼ 10. In cases m ¼ 0 and m ¼ 0:5 the macroscopic potential
is singular at Eeq ¼ 0. The variations of A; B; C and D in the case
m ¼ 1 are not represented since they are independent of the mac-
roscopic equivalent strain. For the values of power law exponent
m ¼ 1:5; m ¼ 2 and m ¼ 3, the macroscopic potential does not
exhibit a singularity at Eeq ¼ 0. It is also observed that the values
of A; B; C and D decrease when increasing the value of the power
law exponent. It suggests that the microstructural effects vanish
for large values of the power law exponent but become more pre-
dominant for small values of m. This result has been already
observed in the case of antiplane macroscopic loading.
5. Conclusion
In this paper we have investigated the microstructural effects in
non linear composites. This analysis has been conducted in the
framework of periodic homogenization combined with the method
based on matched asymptotic series. The microstructural effects
are introduced by keeping the second order term of the series
which explicitly induces the effect of the macroscopic straingradient. All the calculations have been performed in the case of
a stratiﬁed composite and by choosing stress strain relations for
the phases which derive from microscopic strain potentials.
The consideration of stratiﬁed composites allows to produce
various analytical expressions for the macroscopic potential. By
including the higher order term which comes from the series
expansion, it is proved that the macroscopic potential is of
Mindlin (1964) type since it is quadratic with respect to the mac-
roscopic gradient of strain. However, due to the non linearity in the
local response of the phase, the macroscopic potential has a non
linear dependence with the applied macroscopic strain. This non
linearity introduces some couplings between the macroscopic
strain and the gradient of macroscopic strain which do not exist
in the second gradient theory of Mindlin (1964).
In the second part of the paper we analyze these microstruc-
tural effects in the case of non linear constituents characterized
by power law constitutive equations. The explicit expressions of
the macroscopic potential are provided under macroscopic anti-
plane and plane strain conditions. It has been shown that the
microstructure effects become very signiﬁcant for high values of
the contrast and for small values of the power law exponent m
(in the range 0 < m < 1). Conversely, for large values of the power
law exponent (in the range m > 1) the microstructural effects
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for the macroscopic potential which becomes singular when the
macroscopic strain is null. This is attributed to the use of power
law which gives a tangent tensor which is singular when the strain
is null. The analysis of microstructural effects can also be per-
formed by considering a more realistic non linear local behavior
such as elastoplasticity.
The extension of the present work to other geometries such as
composites with ﬁbers must be developed in a numerical
approach. When dealing with standard non linear homogenization,
the ﬁrst order cell problem can be solved at each increment of the
applied macroscopic strain. Such an approach has been often con-
sidered in the literature (Feyel, 1999; Ghosh et al., 2001). Consider-
ing now the microstructural effects, we may solve the second order
cell problem enforced with the gradient of ﬁrst order microscopic
ﬁelds, but the gradient is taken with respect to the macroscopic
space variable. The resolution of this cell problem is possible only
if the fundamental solution (obtained at the ﬁrst order) is com-
puted but also the derivative of this solution with respect to the
applied macroscopic strain, which is not usually produced by
standard numerical methods. Therefore, new numerical strategies
must be developed to compute this derivative, this will be the sub-
ject of a future work.
Appendix A. Detailed calculation of gi and eij
When the derivatives with respect to y2 and y3 vanish in (19),
the equilibrium equation becomes:
drð1Þi1
dy
ðyÞ ¼  @r
ð0Þ
ij
@xj
 @r
ð0Þ
ij
@xj
* +
V
" #
ðA:1Þ
Note that rð0Þij ðyÞ takes the constant values rð0Þija and rð0Þijb in each layer
which are given by (25). Consequently, we have:
@rð0Þij
@xj
* +
V
¼ fa
@rð0Þija
@xj
þ fb
@rð0Þijb
@xj
ðA:2Þ
It follows that the equilibrium can be put into the form:
drð1Þi1
dy
ðyÞ þ giF 0ðyÞ ¼ 0 ðA:3Þ
where FðyÞ is given by (23) and gi reads:
gi ¼ fafb
@
@xj
rð0Þijb  rð0Þija
h i
ðA:4Þ
Accounting for the deﬁnition (25) and expression (9) for eð0ÞðyÞ, it
follows that:
@rð0Þij
@xj
ðyÞ ¼ CijklðyÞ
@eð0Þkl
@xj
ðyÞ ¼ CijpqðyÞEpq;j þ Cijk1ðyÞ @ak
@xj
F 0ðyÞ ðA:5Þ
It leads to:
gi ¼ fafb Cbijpq  Caijpq
h i
Epq;j þ faCbijk1 þ fbCaijk1
h i @ak
@xj
ðA:6Þ
On another hand, since rð0Þi1 is constant in the cell, we have:
Cai1pq 
Ca1i1k
fa
@ak
@Epq
¼ Cbi1pq þ
Cb1i1k
fb
@ak
@Epq
ðA:7Þ
which provides the expression for the derivative of ak with respect
to Epq:
@ak
@Epq
¼ fafbDkr Ca1rpq  Cb1rpq
h i
ðA:8Þwhere Dij is given by (29). Accounting for relations (A.6) and (A.8),
we obtain expression gi in (28). On another hand, eij is given by:
eij ¼ 12
@ai
@xj
þ @aj
@xi
 
ðA:9Þ
Accounting for (A.8), we retrieve the expression of eij given in (28).
Appendix B. Antiplane solution
The non linear Eq. (26) reads for i ¼ 1;2;3:
i ¼ 1 : ka a1fa 
4la
3
eð0Þeq;a
 m1 a1
fa
¼ kb a1fb þ
4lb
3
eð0Þeq;b
 m1 a1
fb
i ¼ 2 : 2la eð0Þeq;a
 m1
E12  a22f a
 
¼ 2lb eð0Þeq;b
 m1
E12 þ a22f b
 
ðB:1Þ
i ¼ 3 : 2laðeð0Þeq;aÞ
m1
E13  a32f a
 
¼ 2lbðeð0Þeq;bÞ
m1
E13 þ a32f b
 
in which eð0Þeq;a and e
ð0Þ
eq;b are given by:
eð0Þeq;a ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
4
9
a21
f 2a
þ 4
3
E12  a22f a
 2
þ 4
3
E13  a32f a
 2s
eð0Þeq;b ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
4
9
a21
f 2b
þ 4
3
E12 þ a22f b
 2
þ 4
3
E13 þ a32f b
 2s ðB:2Þ
The solutions to these equations are:
a1 ¼ 0; a2 ¼ aE12; a3 ¼ aE13 ðB:3Þ
where the constant a is given by:
a ¼ 2f afb
lna  lnb
falnb þ fblna
ðB:4Þ
with n ¼ 1=m. The computation of U0 is trivial and leads to:
W0 ¼ 3l
hom
1þmE
mþ1
eq ðB:5Þ
in which lhom is given by:
lhom ¼ lalb
falnb þ fblna
 m ðB:6Þ
For the computation of W2, we ﬁrst have to calculate gi and eij. To
this end, it is easier to use expressions (A.6) and (A.9) together with
(B.3). It leads to:
eij ¼ aE1i;j
gi ¼ fafb Cbij1k  Caij1k
h i
E1k;j þ a faCbijk1 þ fbCaijk1
h i
E1k;j
ðB:7Þ
Let us recall that g1 is null in any case. Since E1k;j is non null only for
j; k ¼ 2;3, the components ga are given by using indices 2, 3:
ga ¼ fafb Cbabc1  Caabc1
h i
E1c;b þ a faCbabc1 þ fbCaabc1
h i
E1c;b ðB:8Þ
The tangent modulus Caijkl reads:
Caijkl ¼ 3kaJijkl þ 2laEm1eq 1
a
2f a
 m1
	 Kijkl þ 2ðm 1Þ
3E2eq
EijEkl
" #
ðB:9Þ
where the non null components Eij are E12 and E13. It can be easily
veriﬁed that the components Caabc1 are null. Similarly, all compo-
nents Cbabc1 are also null. Then gi is null. It follows that W2 reads:
W2 ¼ a
2
24
faL
a
abcd þ fbLbabcd
h i
E1a;bE1c;d ðB:10Þ
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Laabcd ¼ Caabcd  Caabk1QaklCal1cd ðB:11Þ
The only non null components of Cabk1 are Cab11 which read:
Caab11 ¼
1
3
3ka  2laEm1eq 1
a
2f a
 m1" #
dab ðB:12Þ
On another hand:
Cai1j1 ¼ kadi1dj1 þ 2laEm1eq 1
a
2f a
 m1
	 Ki1j1 þ 2ðm 1Þ
3E2eq
Ei1Ej1
" #
ðB:13Þ
It appears that Qa11 ¼ 1=ka since the term proportional to la is null
for i ¼ 1 and j ¼ 2;3. The components Caabcd read:
Caabcd ¼ 3kaJabcd þ 2laEm1eq 1
a
2f a
 m1
Kabcd ðB:14Þ
Accounting for (B.10)–(B.12) and (B.14), and taking the limit
ka ! þ1 one has:
Laabcd ¼ 2laEm1eq 1
a
2f a
 m1
ðIabcd þ JabcdÞ ðB:15Þ
Similarly, we have for Lbabcd:
Lbabcd ¼ 2lbEm1eq 1þ
a
2f b
 m1
ðIabcd þ JabcdÞ ðB:16Þ
It leads to the following expression for the macroscopic potential:
W2¼ a
2
12
fala 1
a
2f a
 
þ fblb 1þ
a
2f b
  
	 E1a;bE1a;bþ13ðE1a;aÞ
2
 
ðB:17Þ
Finally, a can be replaced by its expression (B.4) into the potential.
Appendix C. Solution under plane strain conditions
The non linear Eq. (26) reads for i ¼ 1;2;3:
i ¼ 1 : ka a1fa 
4la
3
eð0Þeq;a
 m1 a1
fa
¼ kb a1fb þ
4lb
3
eð0Þeq;b
 m1 a1
fb
i ¼ 2 : 2la eð0Þeq;a
 m1 a2
2f a
¼ 2lb eð0Þeq;b
 m1 a2
2f b
ðC:1Þ
i ¼ 3 : 2la eð0Þeq;a
 m1 a3
2f a
¼ 2lb eð0Þeq;b
 m1 a3
2f b
These equations admit the trivial solution a1 ¼ a2 ¼ a3 ¼ 0. Conse-
quently, ea ¼ E and eb ¼ E. The macroscopic potential U0 reads
then:
U0 ¼ 3f ala1þmþ
3f blb
1þm
 
Emþ1eq ðC:2Þ
with:
Eeq ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
4
3
E233 þ E223
 r
ðC:3Þ
From expressions (A.6) and (A.9), we have:
g1 ¼ 0; ga ¼ fafb Cbabcd  Caabcd
h i
Ecd;b; eij ¼ 0 ðC:4Þ
Under plane strain conditions, the tangent modulus Caijkl reads:
Caijkl ¼ 3kaJijkl þ 2laEm1eq Kijkl þ
2ðm 1Þ
3E2eq
EijEkl
" #
ðC:5ÞThe components of Cbijkl are:
Cbijkl ¼ 3kbJijkl þ 2lbEm1eq Kijkl þ
2ðm 1Þ
3E2eq
EijEkl
" #
ðC:6Þ
It follows that, by assuming the same compressibility in each layer
(the case of incompressibility will be after considered by taking the
limit k ¼ ka ¼ kb ! þ1), ga reads:
ga ¼ 2f afbðla  lbÞEm1eq Eab;b þ
2ðm 1Þ
3E2eq
EabEcdEcd;b
" #
ðC:7Þ
The macroscopic potential W2 is:
W2 ¼ 124 faQ
a
ab þ fbQbab
h i
gagb ðC:8Þ
The components of Cai1j1 are:
Cai1k1 ¼ ka 
2la
3
Em1eq
 
di1dj1 þ laEm1eq dij ðC:9Þ
It follows that:
Qaab ¼
1
laE
m1
eq
dab ðC:10Þ
and also:
Qbab ¼
1
lbE
m1
eq
dab ðC:11Þ
The macroscopic potential reads then:
W2 ¼ 1
24Em1eq
fa
la
þ fb
lb
 
gaga ðC:12Þ
where ga is given by (C.7). Replacing ga by its expression (C.7) leads
to (55).
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